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DARBOUX-JOUANOLOU INTEGRABILITY OVER ARBITRARY
FIELDS
EDILENO DE ALMEIDA SANTOS AND SERGIO RODRIGUES
Abstract. We prove a Darboux-Jouanolou type theorem on the algebraic
integrability of polynomial differential 1-forms over arbitrary fields.
1. Introduction
Ordinary differential equations appear in many branches of Mathematics and
its applications. For example, occasionally the differential equations are given by
a differential 1-form or a vector field on Rn or Cn, and in that case to better
understand their solutions (in real or complex time, respectively) we can search for
a first integral (a constant function along the solutions).
In that sense, the Darboux theory of integrability is a classical approach. The
foundations of this was given by J.-G. Darboux (1878) in his memory [3], showing
how can be constructed a first integral for a polynomial vector field, on R2 or C2,
from a large enough number of invariant algebraic curves. In fact, he proved that,
if d is the degree of the planar vector field, with
(
d+1
2
)
+1 invariant algebraic curves
we can compute a first integral using that curves. H. Poincaré (1891) noticed the
difficulty to obtain algorithmically that invariant curves (see [11]).
Improving the Darboux’s result, J.-P. Jouanolou (1979) showed in [6] that if the
number of invariant curves for a planar vector field of degree d on R2 or C2 is at
least
(
d+1
2
)
+ 2, then it admits a rational first integral, and it can be computed
from the invariant curves. In fact, Jouanolou’s Theorem says that if K is a field
of characteristic 0 and ω is a polynomial 1-form of degree d on Kn with at least(
d−1+n
n
)
·
(
n
2
)
+ 2 invariant irreducible algebraic hypersurfaces, then ω has a ra-
tional first integral, and that one can also be computed in terms of the invariant
hypersurfaces.
The Darboux Integration Method can be used in Physics. For example, C. G.
Hewitt (1991) in [5] reveals by this method some new solutions to the Einstein
field equations. Many others physical models have been successfully studied in this
framework (see [8], [9], [13], [15]).
E. Ghys (2000) in [4] extended Jouanolou’s result to holomorphic foliations on
compact complex manifolds. In the local analytic context, under some assumptions,
B. Scárdua (2011) shows in [12] a Darboux-Jouanolou type theorem for germs of
integrable 1-forms on (Cn, 0). Over fields of characteristic zero, a Darbou-Jouanolou
type theorem is proved in [2] for polynomial r-forms, r ≥ 0.
M. Brunella and M. Nicollau (1999) proved in [1] a positive characteristic version
of Darboux-Jouanolou theorem: if ω is a rational 1-form on a smooth projective
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variety over a field K of positive characteristic p > 0 with infinitely many invariant
hypersurfaces, then ω admits a rational first integral. The proof uses different tools
of algebraic geometry and it is not constructive.
J. V. Pereira (2001) shows in [10] that a generic vector field on an affine space of
positive characteristic admits an invariant algebraic hypersurface. This theorem is
in sharp contrast with characteristic 0 case where a theorem of Jouanolou says that
a generic vector field on the complex plane does not admit any invariant algebraic
curve.
Our goal in this paper is to give a general account of Darboux-Jouanolou inte-
grability for polynomial 1-forms onKn, whereK is an arbitrary field. In particular,
we obtain a general version of Darboux-Jouanolou Criterion ([6], Théorème 3.3, p.
102). For each polynomial r-form ω of degree d on Kn, with K of characteristic
p ≥ 0, we define a natural number NK(n, d, r) (see Definition 6.3) that depends
only on n, r, d and p, and we prove the following
Theorem 1.1. Let ω ∈ Ω1(Kn) be a polynomial 1-form of degree d over an arbi-
trary field K. If ω has NK(n, d− 1, 2) + 2 invariant hypersurfaces, then ω admits
a rational first integral.
The number NK(n, d − 1, 2) + 2 has the property that in characteristic 0 holds
NK(n, d− 1, 2) + 2 =
(
d−1+n
n
)
·
(
n
2
)
+ 2 but in characteristic p > 0 we have
NK(n, d− 1, 2) + 2 <
(
d− 1 + n
n
)
·
(
n
2
)
+ 2
2. The Grassmann Algebra
For the generalities about Grassmann Algebra see Chapter 2 in [14].
Let V be a vector space over an arbitrary field K.
Definition 2.1. A r-linear function (r-covector) f : V r → K is said to be sym-
metric if
f(vσ(1), ..., vσ(r)) = f(v1, ..., vr)
and it is said to be alternanting if
f(vσ(1), ..., vσ(r)) = (sgnσ)f(v1, ..., vr)
for all permutations σ ∈ Sr.
The K-vector space Ar(V ) is the space of all alternating r-linear functions on
V .
Definition 2.2. Given a r-linear function f : V r → K, we define
(Sf)(v1, ..., vr) =
∑
σ∈Sr
f(vσ(1), ..., vσ(r))
as the symmetrizing operator; and
(Af)(v1, ..., vr) =
∑
σ∈Sr
(sgnσ)f(vσ(1), ..., vσ(r))
as the alternating operator.
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Definition 2.3. Let f be a r-linear function and g a s-linear function on the K-
vector space V . Their tensor product is the (r + s)-linear function f ⊗ g defined
by
(f ⊗ g)(v1, ..., vr+s) = f(v1, ..., vr)g(vr+1, ..., vr+s)
Definition 2.4. Let f ∈ Ar(V ) and g ∈ As(V ). We define their wedge product,
also called exterior product, by
f ∧ g = A(f ⊗ g)
Remark 2.5. This wedge product just defined can be different by a constant factor
from the usual one in differential geometry, and we use that in order to make sense
in a field of positive characteristic.
For a finite-dimensional vector space V , say of dimension n, define
A∗(V ) =
∞⊕
r=0
Ar(V ) =
n⊕
r=0
Ar(V )
With the wedge product of multicovectors as multiplication, A∗(V ) becomes an an-
ticommutative graded algebra, called the exterior algebra or the Grassmann algebra
of multicovectors on the vector space V .
3. Rational and Polynomial Vector Fields
Let K be an arbitrary field. Denote by Kn the n-dimensional K-vector
space (with coordinates z1, z2,..., zn). Also denote by K[z] the polynomial ring
K[z1, ..., zn] and by K(z) the field of fractions K(z1, ..., zn).
Definition 3.1. A rational vector field X on Kn is a K-derivation of K(z), that
is, a K-linear operator on K(z) that satisfies Leibniz’s rule, i. e.,
X(fg) = fX(g) + gX(f)
A vector field X can be written as
X =
n∑
i=1
X(zi)
∂
∂zi
where X(zi) = Xi ∈ K(z) and
∂
∂zi
is de natural derivation such that ∂∂zi (zj) = δij
(the Kronecker’s delta is δij = 1 if i = j and δij = 0 if i 6= j).
If X(zi) = Xi ∈ K[z] is polynomial, i = 1,..., n, then we say that X is a
polynomial vector field on Kn, and in this case it is a K-derivation of K[z]. The
K-vector space of polynomial vector fields will be denoted by X(Kn).
In case of K = R or C, the system
dzi
dt
= Xi(z)
i = 1, ..., n, defines a system of differential equations on Kn.
Definition 3.2. Like in theory of differential equations if f ∈ K(z) is a rational
function such that df 6= 0 and X(f) = 0 we say that f is a first integral or a
non-trivial constant of derivation of X . In case of K = R or C the leaves {f(z) =
constant} are invariant sets for the system dzidt = Xi(z), i = 1, ..., n. We say that
an irreducible polynomial F ∈ K[z] is invariant by a polynomial vector field X if
F divides X(F ) (we also say that {F = 0} ⊂ (Ka)n is an invariant hypersurface
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for X over the algebraic closure Ka of K). In case of K = R or C, {F = 0} is an
invariant set for the system dzidt = Xi(z), i = 1, ..., n.
4. Rational and Polynomial Differential Forms
A rational differential 1-form ω on Kn is a K(z)-linear map from the set of
rational vector fields to K(z):
ω =
n∑
i=1
ω(
∂
∂zi
)dzi
where ω( ∂∂zi ) ∈ K(z) and dzi is de natural 1-form dual to
∂
∂zi
, that is, dzi(
∂
∂zj
) = δij .
Hence dz1,..., dzn is the canonical dual basis to the basis of rational vector fields
∂
∂z1
,..., ∂∂zn .
If ω( ∂∂zi ) is polynomial, i = 1,..., n, we say that ω is a polynomial differential
1-form on Kn, and in this case it is a K[z]-linear map X(Kn)→ K[z], X 7→ ω(X).
The K-vector space of polynomial differential 1-forms will be denoted by Ω1(Kn)
If f is a rational function in K(z), we write the exact 1-form
df =
n∑
i=1
∂f
∂zi
dzi
Definition 4.1. If ω is a rational 1-form and f is a rational function such that
df 6= 0 and ω ∧ df = 0 we say that f is a first integral or a non-trivial constant of
derivation of ω. In case of K = R or C then {f(z) = constant} defines a foliation
of Kn. If ω is a polynomial 1-form we say that an irreducible polynomial F is
invariant by ω if F divides ω ∧ dF (we also say that {F = 0} ⊂ (Ka)n is an
invariant hypersurface for ω over the algebraic closure Ka of K). In case of K = R
or C then {F = 0} is a leaf of ω.
Analogously we can define differential r-forms for r ≥ 1 and the K-vector space
of polynomial differential r-forms will be denoted by Ωr(Kn).
Definition 4.2. Let F be an invariant polynomial for the 1-form ω. We say that
the polynomial 2-form
ΘF = ω ∧
dF
F
is a cofactor of F .
Definition 4.3. Let K be a field of arbitrary characteristic p (p = 0 or p is a prime
integer). The field of differential constants is the sub-field of K(z) given by
K(zp) = {f : f ∈ K(z), df = 0}
Note that in characteristic 0 we have K(zp) = K(z0) = K. Otherwise, in prime
characteristic p > 0 we obtain K(zp) as the K-vector subspace of K(z) generated
by {gp : g ∈ K(z)}.
We call the elements of K(zp) of ∂-constants.
Remark 4.4. Note that K(zp) is the kernel of the d operator, and K(z) is finite
dimensional as a K(zp)-vector space.
DARBOUX-JOUANOLOU INTEGRABILITY OVER ARBITRARY FIELDS 5
Definition 4.5. Let F1,..., Fm be a collection of irreducible polynomials and λ1,...,
λm ∈ K(z
p) be ∂-constants. The linear combination
η = λ1
dF1
F1
+ ...+ λm
dFm
Fm
is called a logarithmic 1-form.
Note that every logarithmic 1-form η is closed, that is, dη = 0.
5. Logarithmic 1-forms and Residues
Remember the Hilbert’s Nullstellensatz:
Theorem 5.1 ([7], Theorem 1.5, p. 380). Let I be an ideal of K[z] and let V (I) =
{z ∈ (Ka)n : f(z) = 0, ∀f ∈ I} be the algebraic variety associated to I, where Ka
is the algebraic closure of K. Let P be a polynomial in K[z] such that P (c) = 0
for every zero (c) = (c1, ..., cn) ∈ V (I). Then there is an integer m > 0 such that
Pm ∈ I.
We will need something about residues.
Lemma 5.2. Let g ∈ K[x], g(0) 6= 0, be a polynomial function in one variable,
where K is a field of positive characteristic p > 0. If α ∈ K(xp), then
Res(α ·
dg
g
, 0) = 0
Proof. We can write g(x) = a0 + a1x+ ...+ arx
r , where a0 6= 0, and
α(x) = xsp
A(x)
B(x)
where s is an integer and A(0) 6= 0, B(0) 6= 0.
Hence
α ·
dg
g
= xsp
A(x)g′(x)
B(x)g(x)
dx
Since B(0)g(0) 6= 0 note that α · dgg has a pole at 0 if and only if A(x)g
′(x) has a
term cx−sp−1 with c 6= 0. Also note that
d(x−sp) = (−sp)x−sp−1dx = 0
Hence A(x)g′(x) has no term cx−sp−1 with c 6= 0. We conclude that the residue is
Res(α · dgg , 0) = 0.

The following lemma is the positive characteristic version of Jouanolou’s Lemma
([6], Lemme 3.3.1, p. 102).
Lemma 5.3. If S is a finite representative system of primes in K[z] = K[z1, ..., zn]
(that is, S is a finite collection of distinct irreducible polynomials), then the K(zp)-
linear map
K(zp)(S) −→ Ω1K(z)/K
(λj)fj∈S 7−→
∑
fj∈S
λj
dfj
fj
is injective.
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Proof. Let λ1,..., λr ∈ K(z
p) and f1,..., fr ∈ Ω
1
K(z)/K be such that
r∑
j=1
λj
dfj
fj
= 0
For each i ∈ {1, 2, ..., r}, define Vi = {fi = 0} ⊂ (K
a)n. By Hilbert’s Nullstel-
lensatz, there is a point
pj ∈ (Vj − ∪i6=jVi)
(Suppose that for every p ∈ Vj there is a Vi, i 6= j, such that p ∈ Vi; that is,
Vj ⊂ ∪i6=jVi. Consider I the ideal generated by Πi6=jfi. We have V (I) = ∪i6=jVi.
Then, by the Hilbert theorem, there exists an integer n such that fnj is in the ideal
I, and then it fj has a common factor with Πi6=jfi, and it is a contradiction since
every fi is irreducible.)
We can suppose that pj is a smooth point of Vj . Let Lj be an affine line through
pj transversal to Vj . Consider u : K
a → Lj be a parametrization of Lj with
u(0) = pj and gi = fi ◦ u. For all i 6= j, the function
dgi
gi
is regular at 0, but
dgj
gj
has a pole at 0 with Res(
dgj
gj
, 0) = 1. Then, from the above relation, we have
α1
dg1
g1
+ ...+ αj
dgj
gj
+ ...+ αr
dgr
gr
= 0
where αi = λi ◦ u for i = 1,..., r.
If αj 6= 0, we can put
dgj
gj
= −
∑
i6=j
αi
αj
dgi
gi
and taking residues at 0, using Lemma 5.2 we obtain
1 = −
∑
i6=j
Res(
αi
αj
dgi
gi
) = 0
Hence αj = 0, that is, λj |Lj= 0. Since pj and Lj are generic, we conclude that
λj = 0.

6. Darboux Integration Method
We explore the method of integration developed by J.-G. Darboux in [3]. The
original context was differential equation on C2. J.-P. Jouanolou in [6] extends the
argument for 1-forms on Kn, where K is an algebraically closed field of character-
istic 0. Here we extend this method for an arbitrary field K.
Proposition 6.1. Let ω ∈ Ω1(Kn) be a 1-form, where K is an arbitrary field. If
there are invariant irreducible polynomials F1,..., Fm in R and constants α1,..., αm
in K(zp) such that
α1ΘF1 + α2ΘF2 + ...+ αmΘFm = 0
then there is a logarithmic 1-form η 6= 0 such that ω ∧ η = 0. (In that case we say
that η is tangent to ω.)
Proof. Consider the rational 1-form
η = α1
dF1
F1
+ α2
dF2
F2
+ ...+ αm
dFm
Fm
6= 0
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(see Lemma 5.3).
Obviously η is closed (dη = 0). Also η satisfies
ω ∧ η =
m∑
i=1
αiω ∧
dFi
Fi
=
m∑
i=1
αiΘFi = 0

Remark 6.2. In case of K = R or C, from the logarithmic 1-form η above, by
integration we obtain a (multivaluated, analytic or holomorphic) first integral for
ω.
Definition 6.3. Let K be a field of positive characteristic p > 0, and define SK(d)
to be theK-vector space of polynomials of degree less than or equal tomin{p−1, d}.
In case that K is a field of characteristic 0, define SK(d) = Sd as the K-vector space
of polynomials of degree less than or equal to d. Define
Ω̂rd(n) := Ω
r(Kn)⊗ SK(d)⊗K(z
p)
and
NK(n, d, r) := dimK(zp)(Ω̂
r
d(n)) ≤ dimK(Ω
r
d(K
n))
Corollary 6.4. Let ω ∈ Ω1(Kn) be a 1-form of degree d. If ω has NK(n, d−1, 2)+1
invariant irreducible polynomials, then there is a logarithmic 1-form η 6= 0 such that
ω ∧ η = 0.
Proof. Suppose that there are m = NK(n, d − 1, 2) + 1 invariant irreducible poly-
nomials F1, F2,..., Fm.
The cofactors associated to the invariant polynomials are differential 2-forms of
degree less than or equal to d−1. Since theK(zp)-vector space of differential 2-forms
of degree less than or equal to d− 1 has K(zp)-dimension equal to NK(n, d− 1, 2),
we have that the cofactors associated to the polynomials Fi, i = 1,..., m, areK(z
p)-
linearly dependent. Therefore, there are ∂-constants α1,..., αm in K(z
p) such that
α1ΘF1 + α2ΘF2 + ...+ αmΘFm = 0
By the above proposition, the corollary follows.

Example 6.5. Suppose ω = αydx + βxdy, where α and β are constants in K∗.
We can easily see that F = x and G = y are invariant. The cofactor associated to
x is given by
Θx = ω ∧
dx
x
= −βdx ∧ dy
while the cofactor associated to y is
Θy = ω ∧
dy
y
= αdx ∧ dy
Hence
αΘx + βΘy = 0
Consequently η = αdxx +β
dy
y is a logarithmic 1-form tangent to ω (in characteristic
p = 2 the 1-form η is linear).
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Proposition 6.6. Let ω ∈ Ω1(Kn) be a 1-form. If there are invariant irreducible
polynomials F1,..., Fm in K[z] and constants δ1,..., δm in Z (or in the prime subfield
Zp of K if char(K) = p > 0) such that
δ1ΘF1 + δ2ΘF2 + ...+ δmΘFm = 0
then ω has a rational (polynomial) first integral.
Proof. Consider the rational 1-form
η = δ1
dF1
F1
+ δ2
dF2
F2
+ ...+ δm
dFm
Fm
6= 0
Obviously η is closed (dη = 0) and also η satisfies
ω ∧ η =
m∑
i=1
δiω ∧
dFi
Fi
=
m∑
i=1
δiΘFi = 0
Define the rational function (or polynomial)
G = F δ11 F
δ2
2 ...F
δm
m
Note that dF δii = δiF
δi
i
dFi
Fi
and then dG = Gη, hence
ω ∧ dG = Gω ∧ η = 0

7. Darboux-Jouanolou Criterion: Proof of Theorem 1.1
Let F1,..., Fm be NK(n, d − 1, 2) + 2 invariant irreducible polynomials (for the
1-form ω). By the using of the cofactors associated to the invariant polynomials
F1,..., Fm−1, we can construct, by Corollary 6.4, the logarithmic 1-form
η1 = α1
dF1
F1
+ α2
dF2
F2
+ ...+ αm−1
dFm−1
Fm−1
6= 0
such that ω ∧ η1 = 0. Analogously, we also can obtain
η2 = β2
dF2
F2
+ β3
dF3
F3
+ ...+ βm
dFm
Fm
6= 0
such that ω ∧ η2 = 0 with βm 6= 0.
As we suppose βm 6= 0, the "polar divisors" of η1 and η2 are distinct. Hence,
by Lemma 5.3, there is a rational function f ∈ K(z)−K(zp) such that η1 = fη2.
Taking the exterior derivative, we obtain
dη1 = fdη2 + df ∧ η2
Since η1 and η2 are closed, we conclude that df∧η2 = 0. In this way, since ω∧η2 = 0
we have that ω ∧ df = 0. Therefore f is a rational first integral for ω.

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